1. Introduction. The object of this work is to generalize the definition of cycle [l ] to an arbitrary Latin square, exhibit the relation of cycles to sequences of inverses, commutativity, the law of keys, Steiner triples and consider some problems which they suggest. It is essentially independent of [l ] ; the relation of cycles to local homology plays no role here.
2. Cycles and their terminology. Let L be an n Xn Latin square or, alternatively, let Q be a quasigroup of order n. Let M be the set of n2 ordered triplets ijk, where k is the entry in the ith row and jth column of L. If 5 is the set of n2 ordered pairs ij, and if 7r,:Af->S is the projection parallel to the ith coordinate (for example, ir2(ijk) = ik), then for each i, l^i^3, t< is onto S (or equivalently is one-one). There is clearly a one-one correspondence between Latin squares L of order n and sets M of n2 ordered triplets for which the Ti are all onto 5. Let T:S-*S be the involution defined by T(ij) = (ji) and Pi'.M-tM be -k^Ttcí. For each i, 1 ^i^n, let MtQM be the set of triplets which contain i. Each ¿£ Mit with leading element i, generates what we shall call a cycle on i in the following manner. If 6 : Mi-^Mi denotes P2PiP3, the cycle beginning with t shall consist of the triplets t, Pit, PiPitei, Pidt, PiP3et, en, • • •, PiP3en-H where n is the smallest positive integer such that 0"t = t. The length of the cycle is the integer n. The number, k, of elements in a cycle C is the number of i, 1 ,£*;$*, which appear in at least one triplet of the cycle; C will be called a cycle with k elements.
If M contains the n triplets (iii), 1 ^i^n, M will be called idempotent. A triplet iiii), or the cycle of length one containing (iii), will also be called an idempotent triplet or idempotent cycle respectively. (lxx), P3(lxx), PiP3(lxx), 0(lxx), P3e(lxx), PiPsÔ(lxx),
Conversely such a cycle on 1 determines a set of left inverses.
4. Cycles of length one. The following theorems illustrate how restrictions on the cycles influence L (or Q). (1) a2 = a, (2) abba = a, all a,bEQProof. Assume (a). Since M is idempotent (1) is valid in Q and (2) is valid if a = ft. If "a" is not equal to "ft" consider the cycle on "a" containing the triplet (abc). This cycle, consisting of three elements, must be of the form (abc), (bad), (cda), i.e. c = ab, d = ba, a = cd. This establishes (ß). The converse is proved similarly. Theorem 4.2. The order, n, of a quasigroup Q satisfying (1) and (2) above is congruent to 0 or 1 (mod 4).
Proof. Consider the set C of n(n -1)/2 unordered pairs {a, ft} a9*b, a, bEQ-Define 4>:C^>C by <b{a, b} = {ab, ba]. Because of (1) and (2) <j>2 is the identity mapping of C, and <b has no fixed elements. Thus, <f> induces a pairing of the elements of C. Hence n(n -1)/2 is even and the theorem is proved. (Alternate proof. In the notation of [l] , Z=(n)(n -1)/2 (mod 2), coupled with Z = n(n -1), implies the theorem.)
Since conditions (1) and (2) are preserved under direct products of quasigroups, the set of integers \n} for which there exists Q of order n satisfying (1) and (2) is closed under multiplication.
For »=4 the following Q satisfies (1) and (2), and is in fact unique up to an isomorphism : Equations (1) and (2) suggest the equations:
(1) a2
(2') abba= ft.
It should be noted that (2') is not easily translatable into the notation of cycles.
The first proof of Theorem 3 goes through unchanged to show that the order of Q satisfying (1) and (2') must be congruent to 0 or 1 (mod 4). A brief enumeration shows that there is none of order 4 and that the following two are, up to isomorphism, the only Q of order 5 satisfying (1) and (2'): Proof. Each cycle of the form (3) containing three distinct elements is completely determined by these three elements. Let X be the mapping which assigns to each of these cycles, C, the unordered triplet, XC, consisting of its three elements. If Q is idempotent, there are n idempotent triplets. If, furthermore, the cycles of Q contain at most three distinct elements, the set of all unordered triplets XC is a set of n(n -1)/6 Steiner's Triples, (i.e., a set of unordered triples on n elements which contain every unordered pair », j, Í9íj exactly once), which exist if and only if n = \, 3 (mod (6)) [4, p. 204 ].
The triplets of cycle (3) 6. Other cycles of length one or two. The most general type of cycle of length two on "a" is (4) (abc), (bad), (eda), (afe), i fag), icga).
A cycle of length two contains at most seven distinct elements. The following theorem is obvious from (4).
Theorem 6.1. If Q is a system in which every cycle is of length one or two, then for a, b,fEQ, if iaf)iba) =a then (ab)(fa) =a.
Theorem 6.2. If Qis commutative, every cycle of Q is of length one or two.
Proof. Because of commutativity, a cycle on "a," starting with the triplet (abc), proceeds
But since (dca)EM, commutativity yields (cda)EM. This fact, coupled with (fda) EM, imply c=f so cycle (5) closes.
Of the other possible systems with cycles of length equal to one or two, this paper will consider only two types of cycles which give rise to familiar algebraic systems : Proof. This will be proved by construction of a quasigroup satisfying the theorem. Let G(-) be an abelian group of order n and binary operation (■). Let Q(o) be a quasigroup of order n on the same elements as G but with the binary operation (o) defined by x o y =x-i.yit) x¡ yEG, where "kn is any nonzero integer. If k = l, Q is clearly a quasigroup in which (xoy) o y = x. Furthermore, Q has a left identity, namely the identity of G. If m is even, G always has distinct elements y and z satisfying (6). If n is odd, G may be chosen as the cyclic group of order n in which the identity (6) implies x = z. In this latter case Q is a quasigroup. We have also proved : Corollary 6.5. For every odd integer n there exists an idempotent quasigroup Q of order n satisfying the right law of keys. Theorem 6.7 generalizes the fact that there is no symmetric diagonalized Latin square of even order. Also, it is interesting to note that Theorem 6.7 implies that the construction used in the proof of Theorem 6.4 must break down if n is even and thus proves that an abelian group must have a subgroup of order two.
